Abstract. In the work we shall present formulas to sum Lambert series using Euler's q-exponential functions, and several Lambert series associated with well-known arithmetic functions are given as examples. These functions are: the Möbius µ(n), the Euler's totient ϕ(n), Jordan's totient J k (n), von Mangoldt Λ(n), divisor function σs(n), the Ramanujan's sum cq(n) , and sum of square functions r 2 (n), r 4 (n), r 8 (n).
Introduction
Lambert series ∞ n=1 a n q n 1 − q n is a very important class of q-series that often appears in the studies of arithmetic functions, summability methods and modular forms. Many of them are also generating functions for well-known arithmetic functions a n , for example,
where µ(n) and ϕ(n) are the Möbius function and Euler totient function respectively. In this work we shall evaluate several Lambert series expansions associated various arithmetic functions in terms of Euler q-exponential functions, their forms are reminiscent of the formulas [2, 14] In the following we shall use the following common notations [1, 4, 7, 10] (z k ; q) ∞ , where |q| < 1, m ∈ N and z, z 1 , . . . , z m ∈ C. The q-shifted factorials can be defined by (1.2) (z; q) n = (z; q) ∞ (zq n ; q) ∞ , (z 1 , . . . z m ; q) n = m k=1 (z k ; q) n , n ∈ C.
From the q-binomial theorem, [1, 4, 7, 10] (1.3) (az; q) ∞ (z; q) ∞ = ∞ n=0 (a; q) n (q; q) n z n , |z| < 1, two special identities can be derived quickly, the first one is to let a = 0 in (1.3),
while the second is obtained by replacing z by −z/a (1.3), then letting a → ∞,
The two functions e q (z) and E q (z) are called Euler's q-exponential functions, they are two among infinitely many q-analogues of the classical exponential function e z . Many fundamental functions in the theory of special functions can be defined using Euler q-exponentials. For example, the q-Gamma function, [1, 4, 7, 10] 
and the basic hypergeometric series r φ s ,
.
It is not an exaggeration to say that Euler's q-exponential functions are at the heart of q-special functions. It is worth noticing that our definitions for the qshifted factorial (z; q) n in (1.2) is based on the definitions of q-exponentials, thus the index in (z; q) n can be any complex numbers. This promotes the view that almost all the the summations in q-series are actually over the full group Z, which is a nice analytical feature of many q-special functions. Since all the θ-functions are related to each other, for our convenience we examine a simpler one, [1, 4, 7, 10 
Clearly, it is nothing but a product of three q-exponentials. Since the identity,
is an obvious analogue to the reflection formula for the Euler Γ function Γ(w). Consequently, the θ-functions are just the q-analogues of trigonometric functions.
The Euler q-exponential functions are also closely related to the Dedekind η(τ ) function through
where q = e 2πiτ , ℑ(τ ) > 0. Since η(τ ) can be used to construct other modular forms, for example, the modular discriminant of Weierstrass,
thus it is far-fetched to speculate that the Euler q-exponential functions is also behind some important properties of modular forms.
Main Results
be an arithmetic functions such that
Proof. Formula (2.2) is equivalent to
Since 0 < q < 1 and ℜ(z) > 0, and
Then by
and Fubini's theorem we have
then on one hand we have
On the other hand, by (2.4) we obtain
which is equivalent to (2.3).
Corollary 2. If f (n), g(n), q, z as defined in Theorem 1, let us define
where µ(d) is the Möbius function. Then,
Furthermore, we have
Proof. By (2.5) we have
Then (2.7) and (2.8) follow from (2.2) and (2.3) respectively. Let
where ϕ(n) is the Euler's totient function. We rewrite (2.1) and (2.5) as a Dirichlet convolution,
we get
Hence
Hence,
Remark 3. If ℜ(z) > 0 and 0 < q < 1, by Corollary 2, then
where g(n) is any arithmetic function.
Remark 4. The identity
where J α (n) is the Jordan's totient function. Thus,
Remark 5. Since if f is multiplicative, then
Then for 0 < q < 1, ℜ(z) > 0 and any multiplicative function we have
Then for ℜ(z) > 0 we have
Proof. Since for n ∈ N, 0 < q < 1,
n and
Thus for ℜ(z) > 0 we have
Of course, if f (n) ≥ 0, then (2.16) is always true regardless whether (2.15) is true or not.
Examples
For the brevity we only present selected examples for Theorem 1. They are related to some well-known arithmetic functions studied in [2, 9, 5, 13, 14, 15] , and in all the examples we assume that ℜ(z) > 0 and 0 < q < 1 unless otherwise stated.
Let ω(n) equal the number of distinct prime factors of n, then,
Thus,
converges absolutely, then
Let θ(n) be the number of ordered pairs (a, b) of positive integers such that
It is known that
where γ = 0.577 . . . is the Euler constant, and A = 1.282 . . . the Glaisher constant. Then
Since [12] ϕ(n) > n e γ log log n + 3 log log n n > 2,
converges. On the other hand, since ϕ(n) ≤ n, then,
and for z > 0 we have
By (3.30) and (3.31) we get
and for k > 1, z > 0 we have
Then,
and for s < 0, z > 0 we have
3.0.7. Ramanujan's sum. For each n, q ∈ N, the Ramanujan's sum c q (n) defined by
Then for v ∈ N we have
3.0.8. Sum of 2, 4, 8 squares. For n, k ∈ N the arithmetic function r k (n) is defined as the number of ways n can be represented as the sum k squares. Let
where G = 0.915 . . . is the Catalan constant. Then,
Hence, r 4 (n) 8n 3.0.9. The core function. The core function γ(n) is defined by [5] γ(n) = 1, n = 1 p 1 · · · p t , n = p 
